The low energy dynamics of the vortices of the Abelian Chern-Simons-Higgs system is investigated from the adiabatic approach. The di culties involved in treating the eld evolution as motion on the moduli space in this system are shown. Another two generalized Abelian Higgs systems are discusssed with respect to their vortex dynamics at the adiabatic limit. The method works well and we nd bound states in the rst model and scattering at right angles in the second system.
1 Introduction.
Since their discovery by Nielsen and Olesen 1], the vortex solutions present in the Abelian Higgs Model have been used, beyond their original purpose as vehicles of the strong forces, in a variety of contexts. They have been found useful, for example, to describe cosmic strings; also, because the energy of static con gurations in the AHM can be interpreted as the Ginzburg-Landau theory for superconducting materials, these topological solutions correspond to the magnetic ux tubes appearing in type II superconductors. The spectrum of potentially relevant vortices in condensed matter physics has recently be broadened by the discovery of a new class of outstanding cousins of the AHM solutions; the topological and non-topological solitons arising in several Chern-Simons-Higgs gauge systems. The need to include a Chern-Simons term in the treatment of three-dimensional gauge theories was rst advocated by Jackiw and Templeton 2] who were studying the radiative corrections to spinorial electrodynamics. The most remarkable e ects of this term are the generation of a topological photon mass compatible with gauge invariance 2], 3], and the statistical transmutation of particles coupled to the gauge eld 4]. The Higgs mechanism in MaxwellChern-Simons electrodynamics was rst investigated in 5], but although there are vortices in this system, they are not self-dual 6]. The simplest way of achieving a self-dual limit is to AHM. When rst-and second-order dynamics are entangled, the adiabatic limit becomes very cumbersome.
The rest of the paper is organized as follows. In the next Section the CSH vortices are introduced, the issue of low energy dynamics is addressed and the di culties made clear. This is based on previous work performed in 18] and 17]. The next two sections are devoted to studying two alternative dynamics for the same vortices: new rst-and second-order vortex dynamics, arising in a non-relativistic model and a relativistic one, are discussed. Some further comments and brief general conclusions are o ered in the last section. 2 The adiabatic limit and CSH vortex dynamics. 
where the spacetime is three-dimensional, the metric is g = diag(1; 
where = 'e i 2 . Passing to the Hamiltonian formalism, we nd H = Z dtfK + V g (8) with
We shall rst focus on static con gurations. For these, L = ?V , H = V and the niteness of the energy requires (x) ! 0 or v when jxj ! 1. In this paper, we limit ourselves to the second case, i.e. we shall work on the con guration space C = f? ( ; A k )= _ ? = 0; E ?] < 1; j jxj!1 = vg (10) Each con guration in C gives rise to a map 1 : S 1 1 ! U (1) and is therefore associated with an integer, the winding number n of 1 . As a consequence, C = n2Z C n and a topological superselection rule arises: time evolution cannot change the initial winding number. Furthermore, because D k must vanish at in nity, the magnetic ux of the con gurations in C n is given by M ? Z d 2 xF 12 = 2 n e .
Our interest lies in the solutions belonging to C n , which are topological n-vortices. Although the theory also includes another class of very interesting non-topological solutions with a vanishing asymptotic scalar eld, there is evidence that such non-topological solutions can be understood as assemblies of vortices mixed with some basic non-topological defects 19]. Hence, the dynamics of this kind of solution only di ers from that of the topological vortices in the e ect of the vortex-defect interaction, an issue to be dealt with elsewhere. In order to render V extremal in C, the Bogomolnyi trick is useful 
where m = e 2 v 2 , are satis ed; solutions of (12), (13) are also solutions of the Euler-Lagrange equations. We see that by replacing the Maxwell term by the Chern-Simons term, selfduality requires a potential of sixth order in the modulus of the Higgs eld. Below we x the upper sign in these equations and work on C n with n > 0; the opposite choice would lead to analogous antivortices with n < 0. Using the Poincar e @ lemma it is possible to prove that the Higgs eld of the non-singular solutions of (13) has exactly n zeroes and that away from them the phase is regular 20], 21]. Furthermore, near a zeroq of order r, the eld behaviour is ' ' cjx ?qj r ' 2r (x ?q) (14) (x) being the polar angle ofx. The self-duality equations over R 2 ? fq 1 ;q 2 ; : : : ;q n g are r 2 u = m 2 e u (e u ? 1) (15) eA k = ? 1 2 (@ k + " kj @ j u) (16) with u = ln( ' v ) 2 . Observe that with respect to the corresponding equations in the AHM there is an additional factor, e u , on the right hand side of equation (15) .
The manifold of solutions of (12)-(13) on C n modulo the group of gauge di eomorphisms is the n-vortex moduli space M n . As proved by Wang 20] , M n is the smooth manifold of unordered n-points in C: M n = C n n , where n is the symmetric group of n! elements. This is so because the n zeroes of in C ' R 2 determine a unique solution, up to permutation and gauge equivalence. A system of \good" coordinates in M n is provided by the coe cients of the complex monic polynomial of degree n whose roots are the zeroes of : P(z) = z + a 1 z n?1 + ::: + a n , with P(z a ) = (z a ) = 0 for z a = q 1 a + iq 2 a , a = 1; 2; :::; n. Had we chosen the centres of the vortices z a as a system of coordinates in M n , singularities would have appeared when two zeroes coincided. From a physical viewpoint, the structure of M n shows that at the self-dual limit the scalar attractive force and the gauge repulsive force compensate each other mutually and hence the static self-dual solutions consist of systems of non-interacting vortices.
The dynamics of slowly moving vortices.
We now address the issue of the time evolution of a self-dual system of vorticity n. Because the time-dependent eld equations are too di cult to solve, it is necessary to restrict the problem in such a way that an approximate treatment is feasible. The most natural restriction is to limit ourselves to the case of very slowly evolving elds so that we can address the problem with Manton's adiabatic method: the point is that the solutions ? x; t] with _ ? small essentially describe the motion of the individual vortices. We can thus identify ? x; t] with a curve fq a (t)g in M n , i.e.
?(x; t) = ?(x;q a (t)) _ ?(x; t) = @?(x;q a (t)) @q k a _ q k a : (17) The eld-theoretical problem is transmuted to a 2n-dimensional mechanical one: introduction of (17) into (5) and integration to the whole plane a ord a Lagrangian L = T(q a ; _q a ) ? V (q a ) whose variational equations admit as a solution the curve fq a (t)g in M n corresponding to some given initial conditions. In fact, on the moduli space, V (q a ) = nv 2 and the only important term of L is the kinetic one.
To carry out this program, the rst step is to unequivocally x the form of ? x;q a ] i.e, to x the gauge by de ning (x;q a ) locally on the moduli. This gauge xing must be done in such a way that the kinetic energy will be invariant not only against the group G of gauge di eomorphisms but also against the enlarged groupG of moduli-dependent gauge transformations: the dynamics cannot vary if we choose di erent gauges in di erent points of the moduli. However, despite this strong requirement, in the CSH model there is no restriction to our freedom to choose (x;q a ): the only requisite is to respect the boundary conditions in fx =q a g and S 1
1 . The reason is that (6) is invariant against moduli-dependent gauge transformations because we obtained that expresion from (1) merely by imposing the gauge-independent Gauss law (4). Hence, we can x the gauge in the simplest form compatible with the boundary conditions (x;q a ) = 2 n X a=1 (x ?q a ) (18) i.e, by extending the known behaviour near the centres of the vortices to the whole plane. Introduction of (18) into the equation (16) gives eA k (x;q a ) = " kj @ j (x;q a ) (19) where (x;q a ) = ? 1 2 u(x;q a ) + n X a=1 ln jx ?q a j; (20) Therefore, is regular on the whole R 2 , see (14) . Using (19) and computing its time- 
for any solution of the vortex equations. Substitution of (25) into formula (23) produces a term in the kinetic energy (6) that involves only theq 0s and their time-derivatives. Unfortunately, it is not possible to obtain an explicit expression for the quadratic term in closed form, because integration to the whole plane requires detailed knowledge of '(x;q a ) as a function ofx and not only in the vicinity of each vortex. Because the exact solution of the system (12)- (13) (27) The only possibility for integrating (27) , giving a analytic expression for the metric, is to consider the asymptotic regimes of either very close or very separated vortices. We now analyze the second case, in which the scalar eld around each vortex is approximately radially symmetric, i.e. theb 0s are vanishingly small. This behaviour and the great distance among vortices guarantee that the vector eld at their centres is negligible, see (25) , and that the dynamics is governed by the quadratic term in T. Because ' tends to v exponentially when jx ?qj goes to in nity, it makes sense to write
withỹ a =x ?q a and ' 1 the magnitude of the Higgs eld of the radially symmetric 1-vortex and R v its characteristic radius i.e., the radius of the circle in which ' 1 di ers appreciably from v. It is easy then to see that
with r = jỹj, or
Plugging the radial form of equation (13) (32) But ' 2 1 < v 2 and we conclude that M < v 2 2 . This is an inconsistent answer, implying that the inertia of each vortex is less than half its mass, which for the case n = 1 leads to a con ict with relativistic invariance. Such nonsense strongly suggests that the adiabatic approach fails in the CSH model and needs to be improved. The critical analysis of the adiabatic method in the current model carried out by Dziarmaga 17] reveals the reason for the failure. We review this analysis in the next subsection.
2.3 The improved adiabatic limit. 
and hence, the e ective Lagrangian
is obtained. However, the true solutions of the time-dependent Euler-Lagrange equations are some con gurations a (x; t) 6 = ' a (x; A (t)). In principle, one could improve the adiabatic ap- 
and the introduction of (36), (37) into (33) gives a very complicated expression:
(38) where
The question is whether or not this modi cation, which we shall call the improved adiabatic limit, has any physical meaning. There are three di erent cases:
A. Assume that both G ab and K a are di erent from zero. Because _ ' a is linear in _ A , all the terms in L (2) eff and L (1) eff are at least quadratic and linear in velocities, respectively. Integration over the whole plane of L eff = L (2) This is a very di cult problem: rst, it is not possible to give a closed expression for the metric g AB ( ) because it depends not only on the vortex motion in the moduli space, but also includes e ects coming from the eld deformations whose speci cation is beyond self-duality and makes the use of the Euler-Lagrange equations unavoidable. is indeed proportional to _ A at slow velocities. Thus, the modi cation induced by formula (36) is negligible and the adiabatic limit is tantamount to geodesic motion in the moduli space. The Abelian Higgs Model obeys this situation with
and the low energy dynamics of vortices becomes a palatable mechanical problem. In section 4 we shall discuss a generalized Abelian Higgs Model that also belongs to this type.
C. Finally, let us consider the opposite situation: G ab = 0 but K a is not null. The key point is that in this case L Manton eff is linear in velocities and we do not need to consider the corrections induced in L (2) eff by deformations of the elds because they are at least of second order in _ A . The low energy dynamics is again captured by the adiabatic limit which now consists of a mechanical problem on the con guration space M with 
A generalization of this model in the same class will be studied in the next Section. The conclusion is that the usual adiabatic approach is suitable for studying slow motion dynamics when the system is purely linear or quadratic in the time-derivatives of the elds, but not when there are terms of both types simultaneously. In this case, the approach needs to be re ned and this leads to a exceedingly complicated problem that does not admit any analytical treatment 17].
To close this Section we brie y discuss the issue of vortex CSH statistics, a rather paradoxical subject 18]. For a topological CSH vortex at rest we have: M = 2 e ; Q = ? 2 e ; J = ? e 2 :
If we trust the standard computation of the statistical angle of two-dimensional anyons through the Aharonov-Bohm e ect, we nd that the CSH vortices correspond to a statistics 
should be interpreted as providing anyonic statistics, see 22], for a statistical angle = ? 2 e 2 = 2s. We nd the right answer at the adiabatic limit, whereas application of the AB method to extended distributions of electric and magnetic charge fails.
3 The non-relativistic linear model.
The paradigm of linear gauge theory in the time-derivatives is the non-relativistic model of Jackiw and Pi 23], which describes the minimal coupling between the non-linear Schr odinger matter eld and the Chern-Simons gauge eld in (2 + 1)-dimensions. Although this model contains self-dual vortices, these are quite di erent from that considered in the previous section. In the Jackiw-Pi theory one only has the symmetric phase, constructed on the unique vacuum = 0, and the vortices are non-topological even if the magnetic ux is integer. In fact, the JP model is the non-relativistic limit of the CSH system and the JP vortices are the corresponding limit of the non-topological CSH vortices; the topological vortices disappear from the spectrum in the non-relativistic regime and the ux quantization is due to the inversion properties of the Liouville equation rather than to topological reasons (the JP model enjoys conformal invariance and the vortex equations become equivalent to the Liouville equation). As we shall see, to have true self-dual topological vortices, the original JP theory must be modi ed with due care.
3.1 The generalized Ginzburg-Landau theory.
We shall now discuss a non-relativistic model with both symmetric and asymmetric phases.
The new system is a generalization of the model analyzed by Manton in Reference 12] ; the crucial di erence is that the moduli space of topological vortices is now the same as in the CSH theory instead of being the moduli space of Ginzburg-Landau vortices. Of course, we shall nd rst-order vortex dynamics rather than the awkward situation of the CSH model. Before, however, we must deal with the tricky question of making non-relativistic dynamics compatible with the spontaneous symmetry breakdown of U (1) invariance. Even though it is possible to build a non-symmetric vacuum in the JP theory, the elds cannot reach it asymptotically because that would lead to pathologies; namely, in nite charges and a misde nition of the canonical formalism. Barashenkov and Harin 24] traced the origin of the problem back to the underlying pure scalar model in 1+1 dimensions and found that a possible loophole is to multiply the _ term of the Lagrangian by a factor 1 ? j j 2 v 2 . To determine this factor, they used the condition that the Euler-Lagrange equations of the modi ed scalar model must coincide with those of the original one. However, since the theory is to be gauged, this is perhaps too restictive a requirement. Instead, one can consider a more general version of the non-linear Schr odinger Lagrangian in 1+1 dimensions of the form
where U is a potential that includes an asymmetric vacuum of modulus v. From (51) we obtain the conserved current = ' 2 H('); j x = ?i( @ x ? @ x ) (52) and the eld momentum, The di culties emphasized in 24] are twofold: if ( 1) = ve i and H(') = 1, the charge Q = R dx diverges and the momentum variation includes a term v 2 + ? ? ] that cannot be di erentiated with respect to or and therefore the canonical formalism is perturbed. However, it su ces to introduce any H(') such that H(v) = 0 to avoid both problems: P will then be well de ned and Q will be nite and, in particular, will vanish for all vacua. We now turn to the gauge theory and propose the following modi ed Jackiw-Pi model 
Apart from the above motives, there is another reason for including the function H(') in the Lagrangian. It has recently been shown in 26] that the e ective theory for the low energy interaction between a planar relativistic fermionic gas and a crystalline background leads to a Chern-Simons-Higgs model in which the term in the covariant derivatives is multiplied by a function H; this function is xed by self-duality and supersymmetry criteria. In a nonrelativistic situation it is not necessary to use the same function for temporal and spatial derivatives and in (55) we have chosen H = 1 for the latter. As we shall see, in a vorticial arena jHj < 1, so that including this function as a factor only in the temporal term favours a small deformation of the vortices in their low energy motion.
Among the Euler-Lagrange equations from (55) we nd the Gauss law (59) and V coincides with (7) . Because A 0 is not present in (58), the Gauss law (57) must be imposed as a constraint on the eld equations arising from (58).
We now turn to studying the static limit of the theory. Given that V is the same as in the CSH model, the whole analysis of the static part of that model is still valid in our non-relativistic theory: at the self-dual limit = e 4 2 the solutions of equations (12)- (13) are extrema of the action (55) that, in the C n sector, have V = v 2 n and form the moduli space M n with local cordinates fq a g corresponding to the positions of the zeroes of . In this system too, the self-dual solutions are absolute minima of V . The speci c form of U(') and G(') forces the function H(') to be chosen as
in order to make the Gauss law (57) compatible with the vortex equations (12)- (13) . It is remarkable that an identical choice of H(') allows one to extend the generalization of the CSH system studied in 26] to a N=2 SUSY theory.
First-order vortex dynamics.
Introduction of H(') into (59) and use of the Gauss law give
i.e., on the moduli space, T and the linear term in time derivatives in (6) agree. This guarantees the gauge invariance of (61). Additionally, if in particular we work in the gauge (x;q a ) = 2 P n a=1 (x ?q a ), the Manton approach, after the algebra already seen for the CSH model, leads to
where of course A k (q b ;q a ) is given by (25) . Because (62) is linear in the time-derivatives, the adiabatic limit is now completely satisfactory; there are no terms containing time-derivatives in the eld equations that become unimportant when time goes to 1 at di erent rates, see 27] for a conceptual analysis of this situation. In order to obtain non-trivial dynamics we must consider the \almost" self-dual Even though the precise expression of W cannot be found analytically, it is obvious from (11) that if > 0 ( < 0) the energy of an assembly of several vortices increases (decreases) as compared with the self-dual case and this leads to the assumption that forces among vortices are repulsive (attractive) and therefore that W(q a ) is smaller for larger intervortex distances, a conjecture that is supported by numerical computations 28] and theoretical arguments 21].
To appreciate the features of the dynamics derived from (62) it is convenient to analyze the n = 2 case in some detail. We x the center of mass of the system to be the origin of coordinates,Q = 1 2 (q 1 +q 2 ) = 0 and work with the relative coordinateq = 1 that '(?q +ỹ;q a ) = '(q ?ỹ;q a ) and one then uses (24) . Furthemore, because the system has to be symmetric against parity and rotations around the centre of masses,
Introducing (64) . Hence, the vortices move in circular orbits with constant angular speed. The magnitude of the angular speed is a function of the orbit radius and the sense of movement is opposite for type I and type II superconductors.
To nish this subsection, we note that although we have xed G(') in (56) to make the moduli space of the model t in with that of the CSH one, a similar treatment can be equally carried out for general G('). The only di erence is that expression (60) must be substituted by H(') = 2' 2 ' 2 ? v 2 G(') (68) and that the self-duality equations are not (12)-(13) but rather a generalization that is to be addressed in the next section. Nevertheless, (61) and the subsequent results remain valid. All the vortices of the complete family of generalized non-relativistic models (55) have exactly the same rst-order dynamics.
3.3 The e ect of a charged background.
All the generalized non-relativistic models governed by the action (55) 
that renders the system self-dual at the static limit if = e 4 2 . The potential energy and Bogomolnyi equations are respectively (86) and (92)-(93) in this system, as we shall see in the next section. The rst order equations for a general choice of G(') are compatible with (70) which it is interesting to compare with formulas (56) and (57).
Using the Gauss law, (70) we see that the kinetic energy becomes:
There is a new term with respect to the kinetic energy in the absence of background, but before analysing the physics coming from it, it is convenient to compare the developments of Section x.3 with the parallel study in Reference 16].
If we look at our choice of gauge = 2 P n a=1 (x ?q a ) near the center of each vortex x =q b +~ and take the limit j~ j ! 0, we nd: 
Around the second vortex, there are similar expressions:
But in M 2 the two descriptions above are equivalent: the impossibility of distinguishing the vortices requires (q 1 ) = (q 2 ) and this identity determines the gluing by setting (q 1 ?q 2 ) = 2 and (q 2 ?q 1 ) = 1 .
In consequence, we have found the same rst-order dynamics as Manton, independently of the model under scrutiny. In systems that generalize the model analyzed in x.3, the kinetic energy includes the rst two terms of (73), and the reduced Lagrangian is: 
is the complex structure inherited from the eld dynamics by M n at the adiabatic limit. The contribution of (79) is therefore the area enclosed by the loop in M n .
Here we do not repeat Manton's derivation of this fact because there are no di erences in the generalized models under discussion. We observe, however, that the action of the mechanical system is of the form 
The system is relativistic, quadratic in time-derivatives of the elds and was proposed by Lee and Nam in reference 25]. Because G depends only on ', gauge invariance is guaranteed. The model has been written in a generic form, with G(') and U(') unspeci ed; we only require that both
Observe that the Abelian Higgs model corresponds to the choice
The static energy V of the CSH model however, is obtained by choosing
but now the kinetic energy is di erent from the kinetic energy of the CSH system; as a consequence, the Gauss law derived from (83) as a constraint equation,
(89) also di ers from the Chern-Simons Gauss law; the electric charge is not the source of the magnetic eld and exotic statistics do not develop in this model.
In any case, a con guration space C = n2Z C n corresponds to every V of the form (86), such that U gives rise to an asymmetric vacuum. Each eld con guration in C n has quantized magnetic ux: e M = 2 n. Furthermore, given any G(') there exists a potential U that allows for self-duality equations that have energy V = v 2 n if they belong to C n .
As in the CSH model, the Higgs eld corresponding to self-dual solutions has n zeroes at the pointsq a in the plane, and from (93) one sees that behaves near these zeroes as in the vortex solutions of the CSH model. Away from the zeroes, the equations with the upper sign take the form r 2 u = e 2 v 2 G(u) (e u ? 1)
The vortex solutions of (92)- (93) are the Nielsen-Olesen vortices if we take option (87) or the Jackiw-Lee-Weinberg vortices if (88) is preferred. We emphasize that the same vortex equations and identical moduli space of solutions are shared by di erent physical systems; the physical nature and properties of the vortices depend crucially on the model. For instance, the NO vortices are neutral in the AHS but electrically charged in the Ginzburg-Landau theory of Reference 16] . By the same token, JLW vortices have electric charge in the CSH system and are neutral in the generalized AHM under discussion. Henceforth, we expect di erent adiabatic dynamics on the moduli space, depending on the system in question. However, we can trust the hypothesis of the isomorphism of the moduli spaces of solutions of (92)- (93) for di erent G('), which is supported by the insensitivity to the form of G(') of the local treatment of the moduli by means of index theorem techniques, see 29] or 7].
In the sequel we shall admit that the moduli space of solutions of (92)- (93) is completely determined by the zeroesq a of the Higgs eld.
Second-order vortex dynamics: comparison with the AH model.
In order to study the dynamics on M n , we start by xing the gauge, i.e, by choosing the phase (x;q a ). The choice cannot be arbitrary; because we are working in the temporal gauge, the Gauss law @ k (G _ A k ) + 1 2 ev 2 e u _ = 0 (96) must be maintained to ensure the invariance of (85) 
and from the rst equation
However, using (96) 2 . In the center of mass system, (a 1 = 0; a 2 = w) implies P R vortices is enough to bring the subdominant contributions not included in (120) into play. These in turn give rise to interactions that produce the smooth bending of the trajectory and the situation depicted in Fig.1 is only reached 
All the trajectories are thus ellipses and the motion corresponds to bound states of twovortices orbiting around each other. This is consistent with what was discussed in section x2 to the e ect that the inertia of a CSH-vortex is smaller than its mass: the vortices are trapped forming bound states as a result of the rst-order dynamics. In fact, modi cations due to higher order terms in the expansion of b(q), to be taken into account at larger intervortex distances, do not alter this picture. The energy and angular momentum would in this case be: Implementation of the Manton approach to the low-speed dynamics of the topological vortices in the CSH model is too involved to allow a successful analytical treatment. Nevertheless, we have shown that it is possible to build two di erent kinds of self-dual generalized Abelian Higgs systems with solvable slow vorticial dynamics and whose parameters can eventually be adjusted to obtain exactly the CSH moduli space. Remarkably enough, despite important di erences in their eld pro les, the qualitative dynamical behavior of the vortices in each class of generalized systems is not particularly model-dependent but is generic: all the possible non-relativistic rst order systems give rise to a uniform circular motion of the vortices around the barycenter and for all the relativistic second-order ones the head-on collision of two defects leads to right angle scattering. It is believed that the dynamics of the original CSH vortices results from some entanglement of these two e ects.
A few nal words on quantization. For the quadratic model of Section 4. the transition from classical to quantum mechanics is straightforward: the Laplace-Beltrami operator corresponding to the metric on the moduli space becomes the quantum Hamiltonian replacing the classical kinetic energy as generator of the dynamics. In the linear model of Section 3 things are more interesting (less standard) , especially when the charged background is incorporated. Observe that (81) is no more than topological classical mechanics associated with the space of paths in M n , see Jackiw et. al. 31] . The quantization is almost trivial when M n is topologically trivial. The Hilbert space reduces to the ground state, which is degenerated; e.g., if b k b ] = 0, it would be the rst Landau level. If vortices move in a compact space, a two-sphere for instance, things become more di cult, and one would need to consider the Floer homology of the symplectic compact manifold M n 32].
w-plane z-plane r Figure 1 : Scattering of a system of two vortices as seen from the squared relative coordinate and from the true relative coordinate planes.
